The structure model index (SMI) is a means of subsuming the topology of a homogeneous random closed set under just one number, similar to the isoperimetric shape factors used for compact sets. Originally, the SMI is defined as a function of volume fraction, specific surface area and first derivative of the specific surface area, where the derivative is defined and computed using a surface meshing. The generalised Steiner formula yields however a derivative of the specific surface area that is -up to a constant -the density of the integral of mean curvature. Consequently, an SMI can be defined without referring to a discretisation and it can be estimated from 3D image data without need to mesh the surface but using the number of occurrences of 2 × 2 × 2 pixel configurations, only. Obviously, it is impossible to completely describe a random closed set by one number. In this paper, Boolean models of balls and infinite straight cylinders serve as cautionary examples pointing out the limitations of the SMI. Nevertheless, shape factors like the SMI can be valuable tools for comparing similar structures. This is illustrated on real microstructures of ice, foams, and paper.
INTRODUCTION
Nowadays, a variety of imaging techniques -first of all computed tomography, but also so-called FIB tomography, electron tomography or atomic force microscopy -are able to produce high quality 3D images of microstructures, increasing the demand for subsequent quantitative analysis. Assuming macroscopic homogeneity, the microstructure can be modelled by a stationary (or macroscopically homogeneous) random closed set.
In many applications, geometric characteristics of the random closed set have to be estimated from the given image. A very attractive set of such global geometric characteristics are the densities of the intrinsic volumes (or quermassintegrals or Minkowski functionals). In 3D, they are, up to constants, volume fraction V V , surface area density S V , density of the integral of mean curvature M V , and Euler number density χ V .
These characteristics can be estimated efficiently from observations in digital binary (black-and-white) images based on discretised Crofton intersection formulae ). These classical integral geometric formulae allow to compute the intrinsic volumes by calculation of Euler numbers in lower dimensional intersections and subsequent integration over all positions of the intersecting affine subspaces. The Euler numbers in turn can be determined efficiently using the EulerPoincaré formula for all 2 × 2 × 2 pixel configurations and exploiting additivity. The core of the algorithm first outlined by Lang et al. (2001) consists in a convolution of the binary image with a 2 × 2 × 2 mask, resulting in an 8 bit grey value image, coding the 2 × 2 × 2 pixel configurations in the original binary image. Subsequently, the grey value histogram of this image is multiplied by a vector of suitable weights to derive the desired intrinsic volume. It is particularly noteworthy that the size of the grey value histogram does not depend on image size or content. Moreover all measurements are deduced directly from the pixel configurations there is no need to approximate the surface by a surface mesh.
A further characteristic for macroscopically homogeneous random sets Ξ in the Euclidean space Ê 3 is the structure model index (SMI) defined as
where S ′ V denotes the 'first derivative' of the surface density S V . The SMI was first suggested by Hildebrand and Rüegsegger (1997a; b) for evaluating bone structure.
In order to define the derivative S ′ V , Hildebrand and Rüegsegger use a surface meshing. Roughly, the mesh is moved outwards slightly thus defining a dilation of Ξ by a small ball. The derivative is then approximated by the difference quotient. In this paper, S ′ V is defined via the Steiner formula. As a consequence, the SMI can be expressed in terms of the densities of the intrinsic volumes which in turn allows to estimate the SMI from the grey value histogram of the convolved image described above. The definition for the SMI without referring to a discretisation as well as the mesh free estimator are derived in the section below.
Being a shape factor, the SMI can clearly not capture completely the random closed set under consideration. This is emphasised by the possible ranges for the SMI of Boolean models of balls and infinite straight cylinders. On the other hand, the SMI is helpful for comparing structures that are sufficiently similar like the pore systems in Greenland firn from different depths or for assessing the degree of closedness of technical foams.
DERIVATION OF THE MESH FREE ESTIMATOR
The class of all compact convex sets (convex bodies) in Ê 3 is denoted by K . Furthermore, we use the symbol R for the convex ring consisting of all finite unions of convex bodies. Finally, we introduce the extended convex ring S consisting of all sets X ⊂ Ê 3 such that X ∩ K is an element of R for each K ∈ K . Denote by B r a ball with radius r and centred in the origin. Let B(x, r) be a ball with centre x and radius r, that is B(x, r) = B r + x.
The Steiner formula expresses the volume of the parallel set K ⊕B r of a convex body K at distance r > 0 as a polynomial of the intrinsic volumes of K and B r ,
(1) (Schneider, 1993, p. 197) . Here κ k denotes the volume of the k-dimensional unit ball. The intrinsic volumes V k , k = 0, . . . , 3, are defined by (1). They are up to constants volume V = V 3 , surface area S = 2V 2 , integral of mean curvature M = πV 1 , and Euler number χ = V 0 , and the integral of mean curvature is closely related to the mean width M = 2πb.
The Steiner formula can be extended to the convex ring R. We use Schneider's index function j(X , x, y) of a set X ∈ R at x with respect to y, as defined in Schneider and Weil (2008, Section 14.4) . Using the Euler number χ, the index j is defined as
for all X ∈ R and x, y ∈ Ê 3 . It follows from the additivity of the Euler number that the index j is additive in its first argument, too. Now, introducing local parallel sets with multiplicity we define the local measure ρ r (X , · ) by
for Borel sets A ⊆ Ê 3 . Here the sum is taken over only finitely many summands different from zero. The functional ρ r inherits the additivity from the index j. The Steiner formula for the local functional ρ r and its extension on the convex ring is given in Schneider (1993, Section 4.4) and Schneider and Weil (2008, Section 14.4) . Here we will use the special case A = Ê 3 , only. That is, we consider the functional
Let now Ξ be a macroscopically homogeneous random closed set on Ê 3 with realisations of Ξ almost surely belonging to the extended convex ring S . We assume that Ξ is observed through a compact and convex window W with nonempty interior. Moreover, assume that Ξ fulfils the integrability condition 2 #(Ξ∩K) < ∞ for any convex body K ∈ K , where #X denotes the minimal number m such that the set X has a representation
The volume density V V,3 of Ξ is the expectation of the volume fraction of Ξ in W ,
This definition of the volume density can be extended to the densities of the other intrinsic volumes. The realisations of Ξ intersected with aW , a > 0 are poly-convex sets. Hence, the intrinsic volumes V k (Ξ ∩ aW ), k = 0, . . . , 3, exist and the intrinsic volume densities V V,k of Ξ can be defined by the limits
(cf. Schneider and Weil, 2008) . In 3D the intrinsic volume densities are (up to multiplicative constants) the volume density V V = V V,3 , the surface density or specific surface area S V = 2V V,2 , the density of the integral of mean curvature M V = πV V,1 , and the density of the Euler number χ V = V V,0 .
The functional ρ r (X ) as defined in Equation (2) is additive, translation invariant and locally bounded and, hence, its density
exists and satisfies a Steiner-type formula, too, as ρ r does:
(see Schneider and Weil, 2008, p. 428) . Now it follows that
In this sense we formally write S ′ V = 2M V and the structure model index f SMI is given by
which has a similar structure as a shape factor for convex bodies: Consider the three isoperimetric shape factors for
These shape factors are normalised such that f 1 (B r ) = f 2 (B r ) = f 3 (B r ) = 1. Deviations from 1 describe various aspects of deviations from ball shape. The shape factor
from f 2 and f 3 is analogous to the structure model index which thus can be seen as a shape factor for random sets.
Note however, that S ′ V in this sense is in general not the same as the derivative of S V derived from an infintesimal dilation as defined by Hildebrand and Rüegsegger (1997a) . Roughly speaking, this is due to the fact that the index function used in the definition of the functional ρ counts signed surface points and thus does not describe a dilation in the case of overlapping grains. Nevertheless, the f SMI as defined here coincides with the orignal SMI by Hildebrand and Rüegsegger (1997a) for non-overlapping grains.
For an example where the two concepts differ see the following section.
For a system Ξ of non-overlapping balls of constant radius r with ball density (mean number of balls per volume unit) λ we get
= 12 λ 4 3 πr 3 λ 2π2r λ 2 16π 2 r 4 = 4.
A macroscopically homogeneous system of platelike structures can only be obtained as a dilated random hyperplane system. Thus we have M V = 0 and consequently f SMI = 0, too.
The third special case considered by Hildebrand and Rüegsegger (1997a; b) are spherical cylinders. Let Ξ be a random system of non-overlapping infinite spherical cylinders of constant radius r, that is a random system of dilated straight lines. This can be achieved e.g. by dilating a system of lines parallel to the z-axis whose feet form a hard core point process in the x-y-plane. Let Ξ have length density (mean total length per volume unit) 
SMI FOR BOOLEAN MODELS
Let Ξ be a homogeneous and isotropic Boolean model in Ê 3 with typical grain X 0 and density λ .
is a homogeneous Poisson point field, the X i are i. i. d. like X 0 , isotropic, and independent of Φ. Let V , S, b denote the expectations of the volume, the surface area, and the mean width of the grain X 0 , respectively, i. e.,
. Then the volume fraction V V , the surface density S V , and the density of the integral of the mean curvature M V of Ξ can be expressed in terms of λ , V , S, and b by Miles' formulae: Miles, 1976) , which is a special case of Schneider and Weil (2008, p. 389) . By definition of the SMI we get
The dilation of a Boolean model is the same as the Boolean model of the dilated grains (cf. Chadoef et al., 2008) . Thus a derivative of S V can also be deduced from Miles' formula. As already noted in the previous section, this is not the same as S ′ V defined above. Consider the special case of the typical grain X 0 = B r being a ball of constant radius r > 0. We have 
Nevertheless, all following considerations regarding the significance of f SMI hold analogously for the SMI in the sense of Hildebrand and Rüegsegger (1997a) , too.
In the special case of the typical grain X 0 = B r being a ball of constant radius r > 0 this further simplifies to f SMI (Ξ) = 3(e 
In the special case of the K i = B r i being balls, formulae for the densities of the intrinsic volumes in terms of the model parameters were derived by Davy (1978) , see also 
Spiess and Spodarev (2009) In the case of the typical grain K i = B r being a ball of constant radius r > 0 the Miles' formulae further simplify to
which gives for the SMI f SMI (Ξ) = 12 (1 − e −λ πr 2 )πλ 1 − π 3 8 λ r 2 e −λ πr 2 4π 2 λ 2 r 2 e −λ πr 2 2 = 3 e λ πr 2 − 1 1 λ πr 2 − π 2 8 .
Given the ranges for the SMI for Boolean models of balls and infinite straight cylinders derived above, there are clearly sets of parameters such that the systems of overlapping balls and the cylinder system have the same SMI. As a special case consider Boolean models Ξ b of balls with point density λ b and fixed ball radius r b and Ξ c of cylinders with length density λ c and cross section radius r c . Then 
APPLICATION
The section above shows that the informative value of f SMI is rather restricted. This holds however for all shape factors. Nevertheless, f SMI is surely a valuable tool for comparing similar microstructures. In the following we will discuss several examples.
GREENLAND FIRN (SINTERED SNOW)
During the densification of polar firn, significant changes of the microstructure can be observed (cf. Freitag et al., 2004 , and references therein). These include a decrease of porosity with increasing depth but also changes of the topological structure of the pore space from a connected system of pore channels to a system of isolated spherical air bubbles. The SMI may be used as a means to characterise these changes.
As an example we analysed several samples of firn from the firn core B26 which was drilled during the North Greenland traverse of the Alfred Wegener Institute Bremerhaven in 1995. The borehole was located at 77
• 15'N, 49
• 13'W. Five firn samples taken from different depths within the ice core were imaged using a portable µCT scanner (1074SR SkyScan) inside a cold room at −25 • C. The analysis is based on grey value images consisting of 400 3 pixels with a pixel size of 40 µm. From these, binary images of the pore system of the firn were obtained by global thresholding by Freitag et al. (2004) . Visualisations of the firn samples are shown in Fig. 2 . The estimated values given in Table 1 show an increase of f SMI with increasing depth. The starting value around 3 indicates a cylindrical structure. The visualisations of the deeper samples already show a number of isolated spherical pores. Therefore, a further increase of f SMI towards 4 can be expected when going deeper within the firn core. Visualisations of the tomographic images of the foam samples are shown in Fig. 3 . The estimated SMIs are given in Table 2 . None of the estimated SMIs is near the value for an ideal cylinder structure. However, the two open foams have a significantly higher SMI than the (partially) closed samples and the SMI of the closed PMI foam is close to the expected value 0. Moreover, the difference between the strut shape between the aluminium foam (round) and the nickelchromium foam (trilobal) is clearly reflected by the SMI, too. 
PAPER
The microstructure of paper determines important properties like tensile strength or filtration properties. Therefore, it has been studied for a long time, however mainly based on 2d images. Here we use a 3D image of a recycling paper sample obtained by synchrotron-based phase contrast microtomography at beamline ID22 of the European light source ESRF (employing an effective pixel size of 0.7 µm corresponding to approx. 2 µm spatial resolution, 13 keV monochromatic photon energy). For further details on the experimental setup and the phase retrieval algorithm applied see Weitkamp et al. (1999) and Paganin et al. (2002) , respectively. Most of the cellulose fibres are collapsed and the paper contains various additives. This causes the microstructure to be very irregular. Nevertheless, estimation of the SMI on seven 260 3 pixel subvolumes yields the values 0.19, 0.37, 0.50, -0.08, 0.2, 0.14, 0.29, still indicating a rather plate like structure. 
DISCUSSION
Inspired by Hildebrand and Rüegsegger's structure model index we define in this paper a shape factor for macroscopically homogeneous random closed sets. This definition can be formulated without use of discretised realisations. Second, we derive a simple estimator for our SMI based on 3D image data. Contrary to the originally proposed estimator, ours does not require a surface meshing. Finally we prove that the SMI is of value for the comparison of similar microstructures while suffering from the same shortcomings as shape factors for compact sets.
Given the analogy between the SMI and the isoperimetric shape factors pointed out above, other shape factors could be explored, too. However, a direct replacement of V, S, and M in the formulae for the isoperimetric shape factors by the respective densities yields scale dependent quantities. In Hildebrand and Rüegsegger (1997a) , two other shape factors, the structure volume exponent and the structure surface exponent, are suggested. These additionally depend on the thickness of the structure which is assumed to be constant throughout the sample. This assumption, however, is typically not met by real microstructures.
